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Part one :

Crash Course

in

Representations
of Su



Tableau Model for Symmetric Group Representations

· A Young diagram is an array of boxes justified to the

left and below.

· A partition Xth is a weakly decreasing sequence of

positive integers summing to n.

· The shape of a Young diagram is the sequence of

its row lengths from bottom to top.

Ex

X = (3
,
3
,
1)



Tableau Model for Symmetric Group Representations
·A standard Young tableau of shape ith is a

filling of the Young diagram with the numbers
1, ..., h so that rows am columns are increasing

Ex
Y

V 2 7

↓ 35

[

·Write SYT(x) for the set of Standard Young
tableaux of shope X.



Tableau Model for Symmetric Group Representations

Have Sn act on SYT(X) in the natural way :

Ex

(123) .

is =
2:

...
but this no longer standard

!



Tableau Model for Symmetric Group Representations

Have Sn act on SYT(X) in the natural way :

Ex

(123) .

is =
2:

...
but this no longer standard

!

The straightening algorithm rewrites a nonstand

tableau as a linear combination of standard ones.

3

21 = 3 - a



RSK Algorithm
· A general representation theory fact :

DSn EDSD
as an SuxSu-representation.

· comparing dimensions,

n != Is
· suggests C bijection

Sn SYT(XSi



RSK Algorithm
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part Two :

Centralizer

Algebras



Schur-Weyl Duality

Un : an n-dimensional K-rector space

G In : The group ofmxn invertible matrices over 4

vor : the r tensor power of Un
.

Think of elementsa s

sequences
V

,Dv0 ... DV,

with each vieUn factually linear combinations of these

Gln acts on UPV in the following way

A. (N .Dr -..arr) = (Av , ) p(Av)x ...(Av)



Schur-Weyl Duality

So also acts on UPr by permuting tensor factors

·
. (, vo ... Dur) = Va * Van D . . . ①Va +(r)

GlndVPrG Sr

Natural question : How do these actions interact

with each other ?



Schur-Weyl Duality

GlndVPrG Sr

They are mutual centralizers

· Ends (VPr) is generated by the Gln-action

-Maps Unor- > Ver which commute With the Sr-action

· Endorn (Unor) is generated by the so-action



Schur-Weyl Duality
This is an example of Schur-Weyl duality, first discovered

by Schur and then popularized by Weyl who used it to

Classify Un and Gln representations.

Main Takeaway :
This duality connects the representation theory of the
two objects

, pairing up their irreducible representations.

More precisely :

Vor DGLOS" as a GlaxSe-modeo



The Partition Algebra

We can restrict the Gln action to the uxn
permutation matrices

Gln Ends (VPr) = Pr(n)

Y
vor

Y
Sn Su



The Partition Algebra

Elements of Pr(n) can be described by
partition diagrams

Ex

⑨ ⑨ ⑤ a D

① & D G ①



The Partition Algebra

Ordering sets by their largest element, we define

a standard set partition tableau as a set-valued

tableaux with increasing rows and columns with at

least is empty boxes in the first row

# 15 Write SPT(X) for the
24755

Set of such tableaux of shape
3) X In with maximum entry n.

The irreducible representation P has a basis

indexed by Sp +(x).



RSK for the Partition Algebra

Call Pe(n) = Ends (v*2) the partition algebra
when nar.

The decomposition

Pr(n)= PDp
Xth

suggests a bijection between

partition diagrams)- ( SPT(x)xSp+(x)Yon ar vertices X +n



RSK for the Partition Algebra

An RSU variant introduced in CoSSE20 :

·34

① ... ①

I 214 5

↓
ordered by

(< first now

↓ RSU

-



Recap of part two

· The Centralizer algebra of a group acting on

a vector space can tell you more about the

group's representations.

· Pr(n) = Ends (UnPr) has a nice description
in terms of partition diagrams.

· The irreducible representations Pr" have a

description in terms of set-valued tableaux,



Part three :

Mixed Multiset

partition Algebra



The Mixed Multiset Partition Algebra

Sym"(Un) : The rE Symmetric powe of Un

Typical element : e,e,ey = e
, e ,en = eeze , en ...

1 (Vn) : The rth exterior power of Un
Typical element : e , nezley = -e_ 1e , 1 e =...

·Let W = Sym
*(Vn)1

*
(Vn)

= Sym (Un) x ... sym(v)1"(Un(D ... A()

· Interested in MPa
,
z
(n) = Endsn (W)



The Mixed Multiset Partition Algebra

MPa
,
b (n) has a basis indexed by multiset

partition diagrams Tab :

⑧

I
·
.
-0-I o

= · 11 V I
o-ooo

=,-



The Mixed Multiset Partition Algebra

·Now we want to think about multisets with elements

172132 ... T23/
...

Where barred numbers cannot be repeated

* 5511, 2332551 , 533

22, 3
,
733255533

↑ orde by largest element



The Mixed Multiset Partition Algebra

A Semistandard multiset partition tableau is a filling
of a Young diagram by multisets which :

i) Increases weakly along rows and up columns
I

ii) Multisets With an even number of barred values
can't repeat within a column.

iii) Multisets with and number of barred values

Can't repeat within a row.

Ex 1,2

write SSMT(X, 9, b) for
the set of these tableaux of

22
,13

115 shase x and multiplicities
#M . r .

given by I and b.



The Mixed Multiset Partition Algebra
· It's straightforward to find a spanning set

of MPa indexed by SSMT(Y)
,

So

dim (MPa) = /SSM + (x, 1,
231 .

By representation theory facts,

Ita
,
2) = dim(MPa, (n)) = Edim (MPa)



The Mixed Multiset Partition Algebra

If we had an RSK-like bijection

Ta ESSMT( =, 2) xSSMT(X,
2
, 3)
,

then

dim(mp)" = SSMT(x,
,2)1.

Because dim(MP) [ISSMT(,E))
,

we

could conclude that

dim (MPI) = ISSMT(, 9, 3)1 .



Super RSK

Super RSl (Muth 19) generalizes RSK to an alphabet

with a -grading (i . e .

labeled as even or odd)

It produces tableaux with weakly increasing rows/

columns where

· even elements can't repeat in a column

· odd elements can't repeat in a row



Super Multiset RSK

Do S

· o o a

↓
212i i <

ordered by

hi a +12I first row

↓ sRSk, treating
a multised as even

iff it has an even
number of

barred elements

1S TJ 12 i
12 T 12 T

II 2 +
,
2 ( ->I 2 -

#·



Recap of part three

· The centralizer algebra of Su acting on Symmetric
and exterior powers has a description in terms of

multiset partition diagrams

· A generalization of RSU can be used to prove dimensions

of irreducible representations
.



Closing Remarks :

Symmetric Function

Identities



Symmetric Function Identities

GLn-module V Character XV

Sym
-(Un) ha(Xn)

15 (Vn) ep(Xn)

Sym
* (Un)x1

*
(Vn) ha(Xn)2f(x)



Symmetric Function Identities

Example

Enh(
,2)2,2)

,

a monomial looks like

[Xi
,"Xic"Xis") (Xi<"X :<(4)(Xj(X;,(1) (Xj,) X

:(4)
i ?" is"is" i. j,< j

,
x)j

,

()
< j()

This corresponds to a biword

11122ii22

( L SC)D>
-

No repititions !



Symmetric Function Identities

A biword like

1 122 i i

( 113 , 21a)
is taken by Super RSC to a pair

3 ES 223 2TI
- (

I ↓ 112 1112/
I

SSYT SSMT'

CSSMT with entries of size one



Symmetric Function Identities

Theorem

hatd=ST()
↑

SSMT with entries of size one .

Crollary
DISSMT(,,1)

Sym-(r)1
*
(Vn)= (Wan)

x +/|+ (b)



Thank
you
!

(Wilsoa . github . io)



Super RSK

Super RSK (Muth 19) treats even andodd values

separately.

To perform O-insertion
,
add numbers are inserted

in columns and even numbers are inserted in rows.

Ex



Super RSK

To perform 1-insertion
,
even numbers are inserted

in columns and odd numbers are inserted in rows.

Ex

To insert an array (...)
,

O-insert or 1-insert by
if at is even or old respectively.


