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A Monoid Structure on Diagrams

An example of whatwe'll call a partition diagram:

1 2 3 4 5

· & & · &

& · ⑨ & I

↑ I 5 I 5

Key features

· Has o labeled vertices on top and bottom for some ro

· The vertices are grouped into connected components by edges.



A Monoid Structure on Diagrams

Amultiplication formular

i) putthe firstdiagram on top of the second, identifying
the vertices in the middle

ii) Restrictto the top and bottom, preserving which vertices

are connected in the larger diagram.

· ⑨ · · ⑨ ↑

I · ⑱

⑲ & & ⑲ & &
-> 1 I ->

· g ⑲
· g &

· a

B ↑ * B ↑ ·



Schur-Weyl Duality

V an n-dimensional 4-rector space
n

Gln:group of nan invertible matrices over C

var: the retensor power of U. Think of elements as
N

sequences

v,* vc0... * Vr

With each view (actuallylinear combinations of these

Old acts on ver in the following way

A.(v,yvx...(v) =(Av,)*(Av)x...*(AV)



Schur-Weyl Duality

So:The symmetric group on symbols

So also acts on her by permuting tenser factors

5.(n,yv10... (r) =Vw +()*Va+(2)*...*Va +

(r)

GLn&vpr> Sr

Natural question:How do these actions interact

with each other?



Schur-Weyl Duality

GLn&vpr> Sr

They are mutual centraliters

· Ends(V*r) is generated by the Gln-action

& Maps U.*r -> Un* which commutewith the sr-action

· Endorn (V.or) is generated by the sraction



Schur-Weyl Duality
This is an example of Schar-Weyl duality, firstdiscovered

by Schur and then popularized by weyl who used itto

Classify Un and 6 representations.

Main Takeaway:
This duality connects the representation theory ofthe
two objects.

More precisely:

V
*r

= ⑦E**S"as a GluxSr-moduleN



The Partition Algebra

We can restrictthe 6 action to the nxn

permutation matrices

6Ln Ends(V.*r)
*r

↑
Vn ↑

S S
M V

To geta sense for working with these centraliters,
lets walk through this classical case.



The Partition Algebra

Given a basis e,..., en of Va, there is a basis ofUnar
indexed by sequences 1 =(i,..., ir) ([n]r:

ei =2ix...* Sir

Apermutation on acts on 22by:

5.ei =(0e:)*... (reir)
=20(i)*...*evlir)
=

ev(I)
where & (1) =(v(i), ..., wciri)



The Partition Algebra

Generallyfor MEEnd(v*r), we can describe itby
its matrixcoefficients relative to this basis;

Me
=
=2n =21

j
-

The condition MeEndsn(ver) amounts to:

M==nit for all , 8



The Partition Algebra

Visualizing some of these conditions for Ends, (v,*2):
I
1/12/32122233/3233

[ 8
~

-

1
-

a
~

I M) (3) 33)
12 b 2

13 b C (12) 22,22 21,23 21,33

21 b C
(13) 33,33 32,31 32,11

22 a

23 C b (23) 11,11 13,12 13,22

3 2

<

b
b

(123) 22,2223.21 23,11

33 a (132) 33,3331,32 31,22② -

Each orbitrepresents a basic element, so how do

We compactly representeach orbit?



The Partition Algebra
8
~

2 #1) B) (33) (oic, j.jc)
(12) (2,22 21,23 21,33

(13) 33,3332,31 32,11

(23) 11.11 13,12 13,22

(123) 22.62 23.21 23,11

(132) 33,33 31,32 31,22

j, ja j, j2 j, j2
· ⑥ · ⑥ · ⑥

⑤ ⑨ ⑤ ⑨ ⑤ ⑨

i, ic i, ic i, is



The Partition Algebra
If we label these graphs with 1,..., on top and I, ...,r on

bottom, we getsetpartitions from connected components.

1..2

>[[1,2,5,233
T · I

1 ·2 >991,i3,523,5233
· · I

18 82

> 35123,553,9233
T · I

Write Tor for the set of setpartitions ofIrJuIr].



The Partition Algebra

These graphs representing orbits are not unique:

1 2 1 ↓

· ⑥ · ⑥

-

⑤ ⑨ ⑤ &

T I ↑ I

Adiagram is an equivalence class of graphs on

the vertices IrJUIF] with the same connected components

They are in correspondence with setpartitions in Tan



The Partition Algebra

For example, Endsy (N*2) has a basis indexed by:

I & I & I & I &

↑ ⑲ ↑ ⑲ ↑ ⑲ ↑ ⑲

I ·· · &

↑ ..... ⑲

I ·. . . .

↑ . ⑲ ↑ ⑲ ·

I & I & I &

↑ ⑲ ↑ ⑲ ↑ ⑲

sheed nearfor all the diagrams to appear)



The Partition Algebra

We'll now call Ends(V*r) the partition algebra

Pr(n) (introduced by Jones and by P. Martin in the 90s)

The basis obtained this way is called the orbitbasis,
which we'll write as

2T+iπ cπa3



The Partition Algebra

There is another basis [Li called the diagram basis

given by:

-

L = 2 T
# v

v =π

↓
V is a coarsening of π

E.
..
..L T + T

·
I T

·. +T.· + T ·
. . . ·

·· ·· & · ··



The Partition Algebra

Orbitbasis example:

+ T T T
8 ·

=(n -4).+(n -3) p

+ (n -3)T+ +(n
-2)T
..

Diagram basis example;

L -L.=nL- ·



The Partition Algebra

The formula:

i) putthe firstdiagram on top of the second

ii) Restrictto the top and bottom, preserving which vertices

are connected in the larger diagram.

iii) Record a coefficientofa where is the

number ofcomponents stranded in the middle.

· ⑨ · · ⑨ ↑

I · ⑱

⑲ & & ·
E n

1 I I
->

·

· 8 &· g ⑲

· ⑧ &

B * B ↑ ·



The Partition Algebra
*r

C & Vn I A
C * TypicalElement

⑨ I &

Grn DSr
& * &

⑨ * &

In BraverAlgebra (Br(n)) I ⑱ ·

(matchings)

G(m,p,n) Tanabe Algebra (Tmpr(ul)
· & *

( subtle,
butakin to (

.. #top I#bottom (modm)
for each block

↑ ⑨ *

Sn Partition Algebra
⑦ * I

& * ·

(components of size 12,valoye) Motzkin Algebra I * P non-crossing S
· ⑲ *

Wg(l) Temperley -Lieb Algebra
· · · (non-crossing matchings)



Howe Duality

Unin:The space of nxkmatrices over

Pr9Vn,n):The space of homogeneous polynomial forms on Va, n

These are homogeneous polynomials of degrees in

indeterminates

Xijfor 1 =i1n, 11jck

where Xijpicks butthe entry isin the matrix

X,nX,3Xa([1,537) =2.3.5



Howe Duality

In the 1980s, Roger Howe determined that

GLnG PV(Vn,N) Cru

form a mutually centralizing pair where

· AcG(n acts by (A.f)(X) =f(A +X)

(B.f)(X) =f(xB)
· BEGL acts by



Howe Duality

6(n Endsn(Pr(Vn,n))
pr(Vn,n)

↑ ↑
Sn GLk



The Multiset Partition Algebra

Orellana and Zabrocki (2020) examined Endsn(Prvnal), describing
an orbitbasis for itand naming itMPrnch), the multiset

partition algebra.

This basis is indexed by diagrams whose vertices are

colored from a setof K colors with identically colored

vertices among the top or bottom indistinguishable.

· · I · ·... · · I ·

X
·

& · . . ·. & ·. ·



The Multiset Partition Algebra

These diagrams also representpartitions buthow repitition

is allowed (indicated by double brackets).

7 1 2 2

· · I · >(((57,7,233,95733,52,2,2,23333
& D * ·

Y I I I ·
ITI/2 Naiz

We'll write Forkfor the setof multistpartitions with r
entries each from In] and [F].

1 =
We will consistentlyuse these colors:

2=



The Multiset Partition Algebra

Writing [Xπ:cFlarn for the orbitbasis obtained

by Orellana and Zabrocki, an example of its multiplication is

..........=(n -3)X.:. +(n -2)X. · ⑲

........ ·.. ⑱

# X ... + CX.. ⑲

.... ·.. ⑱

Thisloons like the orbitbasis for PrCal. Can we change
to a basis like the diagram basis?



The Multiset Partition Algebra

LetSr = Ar(n) < Pr(n] and define a new algebra Ar,n()
called the corresponding painted algebra with basis:

I obtained by coloring the vertices[D+: of a diagram in Arch) 3
Bc(n) Br,(n)
I ⑨ · ⑨ · ⑧ ............

g. ③ ⑲ . . . . . . . . . . . .. .

· . * ...............

a .... * & .. ........

·*
. . ....

· ....

I I



The Multiset Partition Algebra
The productis given by:

· B B · colors mustmatch in

· I · I↓ middle or else product
D ⑨ ⑬ ·

is zero

· · & ⑨

V

Average over permutations of the top of the second diagram
· B B · · B B · · · · · B B ·

%
I · I

+
· I · I

+
· I · I

#
· I · I

D ⑨ ⑬ · D · · D · · D ⑨ ⑬ ·(
· · & · · & ⑨ · · ⑨ · · &

!
v

Take the product as in PrCn)

Yy(n:.
⑧ ⑨

#

....

#

... ⑨

#

* I ⑧

%
⑥ · ⑧ & ⑥ · ⑧ * @ · ⑧ * @ ·



The Multiset Partition Algebra

Theorem LetSnCC:Gln be a subgroup with

Endc(v,*r) =Ar(n).
Then

Endc (P-(Vn,n)) =Anx(n).

corollary MPrn(n) =Prn(h). We call the basis

SDF] of MPrnIn) the diagram-like basis



Subalgebras

Pr(n) GLn MPr,k(n)
*r↑
Va ↑ p-(n,n) f

Ar(n) G
-

Ann(n)

↑ ↑ f

Sr Sn GLu



Representations

Apartition &of is a weakly decreasing sequence

(x,..;Xe) ofpositive integers which sum to a.

The Young diagram of Xis an array of leftjustified

boxes with 1 boxes in the throw from the bottom

(3,3,6,1)< 7



Representations

⑤

Amultisetpartition tableau of shape &isa filling
of x's Young diagram like so:

Only the firstrow 17 ↳
Entries are multisets

has empty boxes,
2 122

atleastas many
as X2

↳
11

112

Write MSPT(X, r,R) for the setof these tableauxwith a

total of a numbers from [K].



Representations

Order multisets by the last-letter order:

1142 12 <22 22<122

Asemistandard multistpartition tableau has rows weakly

increasing and columns strictlyincreasing.

22

2 12

1 1

11 2

Write SSMPT(X,Y,K) for the set of these



Representations
22

⑲ I * I I

-An example of the action:
1 I I

I
⑲ D ⑲ * ⑨ ↑

·... a ⑲ 9a. .....

⑲ · .9 ⑲ · .. ⑲· ⑨

I a 9 Ia 9a.

⑥

⑥
⑥

22
22 22

·

I 1
⑥ ·

I 1
⑥

·

I 1
⑥

I
· I

· I
·

2 2 X Two blocks

112 12 I above the first
2 2 now getcombined



Representations

straightening
.....

I I algorithm
9.8!

22

I

=5(i,, +i..)z
12

=5((,. + 1 2

2

- i,- (

MPr" :=span of SSMPT(x.n,K)

Theorem The MP for xr and rETX;form
a complete setof irreducible representations for

MPrn(h) when n=2r.



Proof Sketch

Break Pr(Vn,n) into pieces Us based on

the second index.

E.g. X,1X0X22Xz 1(2,2)

WriteWrin for weak compositions of a of length a

Thenpr(Vn,n) = #Ma as a Gln-module
atWr,r



Proof Sketch

+I 5Sa:Young subgroup sa =

15t sa

E.g.S(2.2) =59423 x593,43

·(2) =F(1234 +213y +1243 +(143)

Recall so acts on V.* by permuting factors

Sch2)(e,0e,* 2,022) =t(e.*85253 +e8e.*4*e)



Proof Sketch

As vector spaces,

I :Ua=sav*r
X,1X01422X221-s(,2)(9,00s *22xe)

They both have a Cln-action butare

notclearlyisomorphic as Gln-modules.

For MEGLn,

Im =n+



Proof Sketch

However, we get an induced isomorphish

EndEndc(EMa) = saVOG
EWr,r

↑- .N.8"

Notefor MEGLn,

I 4I"M =04m*8" =In"4E" = NINET



Proof Sketch

EndSP(Va,n)) Enda (AsV*f
=OHoms (SVDrsV*)
q,b

=A sEnda (ver) s
a

withproduct

(Sqπ(b).(susa) =5z,z(SaT(IVsd)



The Multiset Partition Algebra colors match in middle

(Saπ(b).(susa) =2(sat(vsd)
=S.51s: Nor

&
permutations of top
of the second diagram

· B B · · · · B · · B B ·

· I · I · I · I · I · I · I · I

+ + #
D ⑨ ⑬ · D · · D · · D ⑨ ⑬ ·% (
· · & · a. · a ⑨ · · &

!



Proof Sketch

Proof summary

· Decompose pr(Un, n)

· Leads to a decomposition of End (Pr(n,n))
Via idempotents

· The diagram-like basis comes from sandwiching
an idempotent between two partition diagrams



Thank 1
you

·8. -8.

1I
... -0.


